Abstract. In this paper, we study obstructions to the Dirichlet property by two approaches : density of non-positive points and functionals on adelic R-divisors. Applied to the algebraic dynamical systems, these results provide examples of nef adelic arithmetic R-Cartier divisor which does not have the Dirichlet property. We hope the obstructions obtained in the article will give ways toward criteria of the Dirichlet property.
Introduction
Let X be a projective geometrically integral variety over a number field K and let D = (D, g) be an adelic arithmetic R-Cartier divisor of C 0 -type on X (for details of adelic arithmetic divisors, see [20] ). We say that D has the Dirichlet property if D + (ψ) is effective for some ψ ∈ Rat(X) × R (:= Rat(X) × ⊗ Z R). It is clear that, if D has the Dirichlet property, then it is pseudo-effective, namely for any big adelic arithmetic R-Cartier divisor E, the sum D + E is also big. In [19] , the following question has been proposed:
If D is pseudo-effective, does it follow that D has the Dirichlet property? In the case where X = Spec K, the pseudo-effectivity actually implies the Dirichlet property. It can be considered as an Arakelov geometry interpretation of the classical Dirichlet unit theorem. Therefore the above problem could be seen as the study of possible higher dimensional generalizations of the Dirichlet unit theorem.
It is know that the above question has a positive answer in the following cases:
(1) X = Spec(K) (the classical Dirichlet unit theorem).
(2) D is numerically trivial on X (cf. [19, 20] ). (3) X is a toric variety and D is of toric type (cf. [5] ). The purpose of this paper is to give a negative answer to the above question and to study the obstructions to the Dirichlet property. We will construct from an algebraic dynamical system over a number field a nef adelic arithmetic Cartier divisor D which does not have the Dirichlet property. The obstruction comes from the denseness of the set of preperiodic points with respect to the analytic topology. More precisely, let f : X → X be a surjective endomorphism of X over K. Let D be an ample R-Cartier divisor on X such that f * (D) = dD + (ϕ) for some real number d > 1 and ϕ ∈ Rat(X) The proof of the theorem relies on a necessary condition of the Dirichlet property established in Lemma 1.1. We actually prove that the essential support (see (1.1) for definition) of algebraic points with non-positive heights should not meet the strictly effective locus of an effective section of the adelic arithmetic R-Cartier divisor.
The concrete examples to apply the above theorem are discussed in Section 4. Even for the algebraic dynamical system as treated in Theorem 0.1, it is a very interesting and challenging problem to find a non-trivial sufficient condition to ensure the Dirichlet property. Further, in [21] , we introduce a geometric analogue of the above question. Namely, if D is a pseudo-effective Q-Cartier divisor on a normal projective variety defined over a finite field, can we conclude that D is Q-effective? It actually holds on a certain kind of an abelian scheme over a curve, so that the situation of the geometric case is slightly different from the arithmetic case.
Note that the essential support of a family S of algebraic points is not empty only if the family S is Zariski dense. Therefore, the lemma 1.1 provides nontrivial necessary conditions for the Dirichlet property only when the set of nonpositive points is Zariski dense. In order to treat general adelic arithmetic RCartier divisors, we propose the functional approach. We introduce the notion of asymptotic maximal slope for any adelic arithmetic R-Cartier divisor on X (see §5.2 and §7), which is the threshold of the Dirichlet property where we consider the twists of the adelic arithmetic R-Cartier divisor by the pull-back of adelic arithmetic R-Cartier divisors on Spec K. We prove that this arithmetic invariant also determines the pseudo-effectivity of the adelic arithmetic R-Cartier divisor (see Proposition 7.2) . Therefore the Dirichlet property and the pseudoeffectivity are naturally linked by this numerical invariant. We then obtain a necessary condition of the Dirichlet property in terms of the directional derivative of the asymptotic maximal slope, which is a functional on the space of all adelic arithmetic R-Cartier divisors (non-necessarily additive a priori). For this purpose we establish a general analysis for functionals on the spaces of adelic arithmetic R-Cartier divisors as in Theorem 5.1.2. This result can be applied to not only the maximal asymptotic slope (see Corollary 5.2.3) but also other natural arithmetic invariants such as the arithmetic volume function (see Corollary 5.3.1) and the arithmetic self-intersection number (see Corollary 5.4.1) . In §6, we compare these specifications of Theorem 5.1.2. The comparisons show that the arithmetic maximal slope is particularly adequate in the study of the Dirichlet property of pseudo-effective adelic arithmetic R-Cartier divisors.
We conclude the article by a refined version of the question above (see Question 7.4). We hope that our work will provide clues for the further research on criteria of the Dirichlet property for higher dimension arithmetic variety.
Finally we would like to express thanks to Prof. Burgos i Gil, Prof. Kawaguchi and Prof. Yuan for their valuable and helpful comments.
Conventions and terminology.
In this paper, we frequently use the same notations as in [18] and [20] .
1. Let V be a variety over a field F and F an algebraic closure of F. Let x be an F-valued point of V, that is, a morphism x : Spec(F) → V over F. The residue field of V at the closed point given by the image of x is denoted by F(x).
In the following, let X be a projective and geometrically integral scheme over a number field K. Let d be its Krull dimension. Moreover, let X v denote the fiber product X × Spec(K) Spec(K v ). Note that K σ is naturally isomorphic to C via a ⊗ σ z → σ(a)z and X σ is nothing more than the fiber product X × σ Spec(K) Spec(C) with respect to σ.
Let x be a K-valued point of X. Let {φ 1 , . . . , φ n } be the set of all K v -algebra homomorphisms
given by the composition of morphisms
. We equip the space X an σ (resp. X an p ) with the analytic topology, namely the topology as an analytic space (resp. as a Berkovich space). Let X an ∞ denote the set of C-valued points of X over Q. Note that X an ∞ = ∐ σ∈K(C) X an σ . We often denote X an ∞ by X(C). Note that the complex conjugation induces an involution F ∞ : X(C) → X(C).
Let us fix
5. Let Div(X) be the group of Cartier divisors on X and denote by Div R (X) the R-vector space Div(X) ⊗ Z R. If ϕ is an element in Rat(X) × , we denote by (ϕ) its divisor, which is an element in Div(X). The Cartier divisors on X constructed in this way are called principal divisors. The map ϕ → (ϕ) is a group homomorphism and extends by extension of scalar to an R-linear map Rat(X)
is a family of Green functions, with g v being a D-Green function of C 0 -type on X an v . We also require that g p comes from an integral model of D for all but a finite number of p ∈ M K , and that the family (g σ ) σ∈K(C) is invariant under the action of F ∞ . The family
If it is not specified, an adelic arithmetic R-Cartier divisor refers to an adelic arithmetic R-Cartier divisor of C 0 -type. We denote the vector space consisting of adelic arithmetic R-Cartier divisors on X by Div R (X). If ϕ is an element in Rat(X) × , we define an adelic arithmetic R-Cartier divisor as follows
where ϕ v is the rational function on X an v induced by ϕ. The map Rat(X) × → Div R (X) extends naturally to Rat(X) × R and defines an R-linear homomorphism of vector spaces. Any element in the image of this R-linear map is called a principal adelic arithmetic R-Cartier divisor.
For any v ∈ M K ∪ K(C), one has a natural embedding from the vector space
We denote by O( f v ) this adelic arithmetic R-Cartier divisor.
In the particular case where
we can write into the form of a formal sum
where ζ v = 0 for all but a finite number of indices v. The Arakelov degree of ζ is then defined as
For more details of deg(.), see [20, SubSection 4.2] 6. Let D = (D, g) be an adelic arithmetic R-Cartier divisor of C 0 -type on X. For any algebraic point x of X outside the support of D, the normalized height h D (x) of x with respect to D is defined to be 
This is a consequence of the product formula for the number field K.
For any real number λ, we denote by X(K) D ≤λ the set of all K-valued points of X whose height with respect to D is bounded from above by λ, namely 
More generally one can define a signed Borel measure ( come from adelic line bundles and v is a non-archimedean place, the above measure has been constructed in [6] (the archimedean case is more classical and relies on the theory of Monge-Ampère operators). See §6.2 infra. for the integrability of Green functions with respect to this measure extending some results of [17, 7] .
Let r be an integer in {0, . . . , d} and D 1 , . . . , D r+1 be a family of integrable adelic arithmetic R-Cartier divisors. If Z is an R-coefficient algebraic cycle of dimension r in X, written into the linear combination of prime cycles as
Then we define the height of Z with respect to D 1 , . . . , D r+1 as 
We say that an adelic arithmetic R-Cartier divisor D = (D, g) is nef if it is relatively nef and if the function h D (·) is non-negative. In the case where D is nef, the function h(D; ·) is non-negative on effective cycles. 
). This function vanishes on the locus of div(s) + D. We also define
Density of non-positive points
This section is devoted to a non-denseness result for non-positive points under the Dirichlet property. This result will be useful in the following sections to construct counter-examples to the Dirichlet property. We fix a projective and geometrically integral scheme X defined over a number field K.
Let S be a subset of 
is not dense with respect to the analytic topology.
, the assertion follows.
We assume that Supp ess (S) 
are denoted byx andw, respectively, where
We fix an embedding K ֒→ K v , which yields a morphismπ : (X v ) K v → X K . In the case where w ∈ O v (x), there is a homomorphism ι w : K → K v over K such that the following diagram is commutative:
If Y v ⊆ Supp(D) v , then the assertion is obvious, so that we may assume that
and a 1 , . . . , a r are linearly independent over K. For w ∈ T and w ∈ O v (x), by using the above diagram,
Therefore, the assertion follows.
then the proposition follows.
Endomorphism and Green function
This section consists of the construction of the canonical Green functions for a given R-Cartier divisor in the algebraic dynamical system setting, which can be considered as a generalization of the construction of the canonical metrics in [24] . Here we explain them in terms of Green functions on either Berkovich spaces or complex varieties. Throughout this section, we fix the following notation. Let X be a projective and geometrically integral variety over a field K. Let f : X → X be a surjective endomorphism of X over K. Let D be an R-Cartier divisor on X. We assume that there are a real number d and ϕ ∈ Rat(X)
2.1. Non-archimedean case. We assume that K is the quotient field of a complete discrete valuation ring R. Let X an be the analytification of X in the sense of Berkovich. Note that f an : X an → X an is also surjective by [1, Proposition 3.4.7] . Let us begin with the following proposition:
Proof. Let us fix a D-Green function g 0 of C 0 -type on X an . As
)-Green function of C 0 -type, and hence, there is a continuous function λ 0 on X an such that
For each n ∈ Z ≥1 , let us consider a continuous function h n on X an given by 
and hence the assertion follows.
If we set
as desired.
Next we consider the uniqueness of g.
and
so that, by the uniqueness of g, we have g (X ,D ) = g.
Using the identities
we can easily see that
for n ≥ 1, where
Here we define an R-Cartier divisor D n on X n to be
Then we have the following:
and hence lim n→∞ θ n sup = 0. For the last statement, note that if D is relatively nef, then D n is also relatively nef for n ≥ 1.
Complex case.
We assume that K = C.
Proposition 2.2.1. There exists a unique D-Green function g of C
Proof. We can prove the unique existence of g in the same way as Proposition 2.1.1. Let g 0 be a D-Green function of (C 0 ∩ PSH)-type. As in the previous subsection, we can see
Here we define g n to be
and hence lim n→∞ θ n sup = 0. Therefore, g is of (C 0 ∩ PSH)-type by [15, Theorem 2.9.14, (iii)].
Let c : Spec(C) → Spec(C) be the morphism given by the complex conjugation map z →z. Let X denote the fiber product X × c
Spec(C)
Spec(C) in terms of c. Let F : X → X be the projection morphism andf : X → X the induced morphism by f . Note that the following diagram is commutative:
The above commutative diagram gives rise to the following commutative diagram:
Proof. It is easy to see thatg is a D-Green function of C 0 -type on X because
The last assertion follows from the same argument of [18, Lemma 5.1.1].
Canonical compactification
Let X be a projective and geometrically integral variety over a number field K. Let f : X → X be a surjective endomorphism of X over K. Let D be an R-Cartier divisor on X. We assume that there are a real number d and ϕ ∈ Rat(X)
We use the same notation as in Conventions and terminology 1 ∼ 4. In addition, for each 
forms an adelic arithmetic Cartier divisor of C 0 -type on X. By our construction, 
Proof. First let us see the following claim:
Proof. If D is an ample Cartier divisor, then the assertions (a) and (b) are wellknown. Moreover, in this case, D in (a) can be taken as a Q-Cartier divisor.
(a) For each i = 1, . . . , r, there are a model 
(for the definition of w an , see Conventions and terminology 4). Let us see the following proposition.
for the definition of O v (x), see Conventions and terminology 2).
Proof.
Note that the following diagram is commutative: 
If Ω is a field over k, x ∈ V(Ω) and f (x) = g(x), then there are a closed point ξ of V and a homomorphism k(ξ) → Ω such that x coincides with the composition of
It is sufficient to show that dim Z ≤ 0. We assume the contrary, so that we can find a 1-dimensional
and hence (D · C) = 0. This is a contradiction because D is ample.
The purpose of this section is to prove the following theorem: 
and hence
Examples
In this section, we give several examples to apply Theorem 3.4. [2] .
Example 4.2 (Projective line)
. Let E be an elliptic curve over a number field K, X := E/[±1] and ρ : E → X the natural morphism. Note that X ≃ P 1 K and the endomorphism [2] : E → E descends to an endomorphism f : X → X, that is, the following diagram is commutative: Here let us consider a special elliptic curve E due to Tate, that is,
where ǫ = (5 + √ 29)/2 and K = Q(ǫ). It has a smooth model 
Therefore, if we consider a rational map f :
is commutative as rational maps, so that we need to see that f extends to a morphism f :
. Let F be either Q or F p , where F p = Z/pZ for a prime p. It is sufficient to show that if (x, z) ∈ F 2 satisfies a system of equations
We assume the contrary, that is, the above has a solution (x, z) ∈ F 2 \ {(0, 0)}. As z = 0, we may assume z = 1, so that x = 0, and hence
, that is, x = −3ǫ 2 . Thus, as (−3ǫ 2 ) 3 − ǫ 2 (−3ǫ 2 ) − 2ǫ 4 = 0 and ǫ = 0, we have 27ǫ 2 = 1. On the other hand, since ǫ 2 − 5ǫ − 1 = 0, we obtain 27 · 5ǫ = −26, so that 27 · 25 = 27 · 25 · 27ǫ 2 = (27 · 5ǫ) 2 = 26 2 in F. Note that 26 2 − 27 · 25 = 1, and hence 1 = 0 in F, which is a contradiction.
Since the norm map
) × is a homomorphism, we have the natural extension
Let D be an ample Cartier divisor on P 1
O K
. As the following diagram
and hence, if we set Let E be an elliptic curve over Q and P 1 Q := Proj(Q[x, y]). Let D 1 (resp. D 2 ) be the Cartier divisor on E (resp. P 1 Q ) given by the zero point (resp. {x = 0}). Then there is ϕ ∈ Rat(E) × with [2] * (D 1 ) = 4D 1 + (ϕ). Let h : P 1 Q → P 1 Q be the endomorphism given by (x : y) → (x 4 : y 4 ). Then h * (D 2 ) = 4D 2 . We set
, where p 1 : X → E and p 2 : X → P 1 Q are the projections to E and P 1 Q , respectively. As the following diagrams are commutative, (
1) D is nef. (2) Prep( f v ) an is not dense in X an
v with respect to the analytic topology for all v ∈ M Q ∪ {∞}, where ∞ is the unique embedding Q ֒→ C. , where U is the Zariski open set of P 1 Q given by U := {x = 0, y = 0} and U Q p := U × Spec(Q) Spec(Q p ). In the same way as Proposition 3.2, there is ξ ∈ Prep(h) such that w is one of valuations arising from ξ, that is, if we set
then w is the valuation of some K i . Put z := X/Y. As z(ξ) m = 1 for some m ∈ Z >0 , we obtain z m = 1 at K i , so that |z| w = 1. Therefore we have
and hence Prep(h p ) an is not dense.
Thus the assertion follows because S 1 \ T = S 1 . (4) follows from (2) and Theorem 3.4.
Measure-theoretical approach to the study of Dirichlet property
The purpose of the section is to study the Dirichlet property in a functional point of view. Our method consists of introducing some (possible non-linear) functionals on the spaces of continuous functions on the analytic fibers of the arithmetic variety. The Dirichlet property leads to conditions on the supports of these functionals.
We fix a geometrically integral projective scheme X of dimension d defined over a number field K and denote by π : X → Spec K the structural morphism. In the following subsection, we will establish an abstract framework to study the consequences of the Dirichlet property by the functional approach. We then specify the theorem for different choices of the functionals, notably those coming from the asymptotic maximal slope and the volume function. Assume given a map µ : C • → R which verifies the following properties :
(1) there exists a positive number a such that µ(tD) = t a µ(D) for all adelic arithmetic R-Cartier divisor D ∈ C 0 and t > 0; (2) for any D ∈ C • and φ ∈ Rat(X)
which might be ±∞. Note that, for any D ∈ C • , the function E → ∇ + E µ(D) is positively homogeneous. Moreover, for any E ∈ V and t > 0, one has ∇
. In addition to (1) and (2), assume the following property:
where Div R (X) + denotes the set of all effective adelic arithmetic R-Cartier divisors.
Denote by C •• the subset of C • of adelic arithmetic R-Cartier divisor D such that, the map E → ∇ µ (E, D) preserves the order, namely, for any couple (E 1 , E 2 ) of elements in Div R (X) + such that
where C 0 (X an v ) + denotes the cone of non-negative continuous functions on X an v . 
Theorem 5.1.2. Let D be an element of C •• with µ(D) = 0. If s is an element of
On the other hand, by using the properties (1) and (2), one obtains
and hence ∇
Under the assumptions of Theorem 5.1.2, we have the following corollaries. 
Corollary 5.1.3. Assume that the Dirichlet property holds for D and that D is big. For any v
where η is the generic point of W, as required. 
Proof. It is sufficient to show that if deg(ζ)
As the class group of K is finite, we may assume that a p = 0 for all p ∈ M K . Therefore, Dirichlet's unit theorem implies the assertion.
We shall use the expression µ . This function has been introduced in the adelic line bundle setting in [9] in an equivalent form by using arithmetic graded linear series. We refer the readers to §6 infra for more details.
If D is an adelic arithmetic R-Cartier divisor verifying the Dirichlet property, then for any ϕ ∈ Rat(X) 
The function µ asy max (.) is important in the study of Dirichlet's theorem. In fact, it is not only the threshold of the Dirichlet property but also the pseudo-effectivity.
be a family of adelic arithmetic R-Cartier divisors on X, and D be an adelic arithmetic R-Cartier divisor on X such that D is big. Then one has
where for t = (t 1 , . . . , t n ) ∈ R n , the expression |t| denotes max{|t 1 |, . . . , |t n |}. 
5.4. Self-intersection number. In this subsection, let V be the subspace of Div R (X) consisting of integrable adelic arithmetic R-Cartier divisors. Let C • = V. We define the function µ :
The function µ verifies the conditions (1) and (2) of §5.1. For D ∈ C • and E ∈ V + , we define ∇
The function extends naturally to the whole space Div R (X) of adelic arithmetic R-Cartier divisors (see Conventions and terminology 7) and thus defines a map
preserves the order contains all nef adelic arithmetic R-Cartier divisors. For 
Comparison of the functionals
Let π : X → Spec K be a projective and geometrically integral scheme defined over a number field K and D be an adelic arithmetic R-Cartier divisor on X such that D is big. In view of the applications of Theorem 5. Let ζ be an adelic arithmetic R-Cartier divisor on Spec K such that deg(ζ) = 1. For any integer n 1 and any real number t, we denote by V
• ) t∈R forms a multiplicatively concave family of graded linear series of the R-divisor D. Namely, for (t 1 , t 2 ) ∈ R 2 and (n, m) ∈ N 2 one has
For any integer n ≥ 1, let λ ζ n (D) be the supremum of the set Proof. We say that an adelic arithmetic R-Cartier divisor E satisfies to the QDirichlet property if there is ϕ ∈ Rat(X) × Q such that E + (ϕ) ≥ 0. This condition is stronger than the usual Dirichlet property. We define µ asy max,Q (D) as sup{t ∈ R | D − tπ * (ζ) has the Q-Dirichlet property}.
(1) lim 
.
for any non-negative continuous function f v on X an v and hence
Proof. Let ζ be an adelic arithmetic R-Cartier divisor on Spec K such that deg(ζ) = 1. By [4, Corollary 1.13], one has
Moreover, by Proposition 6.1.1 we obtain that V 
Note that in the particular case where D 1 , . . . , D d , D are Cartier divisors, this result has been obtained in [17, §5] and [7] respectively for hermitian and adelic cases.
Before proving the above proposition, we present several observations as follows. Let D 1 , . . . , D d be integrable adelic arithmetic R-Cartier divisors on X, and p be a place in M K . In [20] , the number deg p (D 1 · · · D d ; φ) was defined for an integrable continuous function φ on X an p . Moreover, the set of integrable continuous functions is dense in C 0 (X an p ) with respect to the supremum norm. Therefore, one has a natural extension of the functional log
for any continuous function φ, which defines a signed Borel measure on X an p which we denote by ( We shall prove the following claim by induction on k. Note that the case where k = d + 1 is just the result of the proposition itself. Let D be a big adelic arithmetic R-Cartier divisor on X. We denote by Θ(D) the set of couples (ν, N), where ν : X ′ → X is a birational projective morphism and N is a nef adelic arithmetic R-Cartier divisor on X ′ such that
for some t > 0. We then define a functional D d on the cone Nef R (X) of nef adelic arithmetic R-Cartier divisors on X as
If the set Θ(D) is empty, then the value of D d · A is defined to be zero by convention. The set Θ(D) is preordered in the following way :
if and only if there exists a birational modification ν ′ : X ′ → X over both X 1 and 
Proof. By [20, Definition 2.1.6 and Proposition 2.1.7], there are sequences
of models (X, D) and (X, L), respectively, with the following properties: Let A be an ample arithmetic R-Cartier divisor on X . If Siu's inequality holds for D + ǫA and L + ǫA (ǫ > 0), then, by using the continuity of the volume function, we have the assertion for our case, so that we may assume that D and L are ample. Thus we can set 
, then one has
In particular,
6.4. Comparison with the distribution of non-positive points. In this subsection, we compare the functional approach and the distribution of non-positive points in the particular case where the set of non-positive points is Zariski dense. The main point is an equidistribution argument. Let X be a projective and geometrically integral variety over a number field K. Let D be an adelic arithmetic R-Cartier divisor on X. We assume that D is nef and D is big. 
Proof. Since the set X(K) D ≤0 is Zariski dense, we obtain that the essential minimum of the height function h D (.) is non-positive. However, since D is nef one has deg(D d+1 ) = vol(D) and therefore
. For any adelic arithmetic R-Cartier divisor E on X we define
This function takes value in R ∪ {+∞} on the cone Θ of adelic arithmetic RCartier divisors E such that E is big. The function Φ S (.) : Θ → R ∪ {+∞} is also super-additive. Moreover, one has Φ S (E) ≥ µ asy max (E) for any E ∈ Θ and 
This relation implies that, for any E ∈ Div R (X), the sequence (h E (x n )) n≥1 actually converges to vol
In particular, one has Φ S (−E) = −Φ S (E), which implies the convergence of the sequence f v (F ∞ (w ′ )).
Note that F ∞ (Ov(x)) = O v (x), and hence the assertion follows.
By the previous observation,
On the other hand, as S = (x n ) n≥1 is generic, there is a subsequence S ′ = (x n i ) such that x n i ∈ Y(K) for all i, so that, by the above claim, lim i→∞ h O( f v ) (x n i ) = 0. This is a contradiction.
Extension of the asymptotic maximal slope
In this section, we extends the function of the asymptotic maximal slope to the whole space Div R (X) of adelic arithmetic R-Cartier divisors. Let D be an adelic arithmetic R-Cartier divisor on X. We define µ The following is a criterion for the pseudo-effectivity of adelic arithmetic RCartier divisors, which is a generalization of Proposition 5.2.5. 
